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Phase-shifting interferometry with a genetic algorithm is proposed. The correction of unknown phase-
shifting error is an important task in general phase-shifting interferometry. Since phase-shifting errors
generate twin image noise in a reconstructed image, we can reduce the phase-shifting errors indirectly by
trying to eliminate the twin-image noise in the reconstructed image. By Zernike polynomial expansion,
the reconstructed image is represented as the evenness and oddness, where the ratio of the evenness and
oddness is a measure of the amount of the twin image noise. We employ the genetic algorithm for finding
the fittest phase shifts of interferograms by reducing the evenness of the reconstructed image, which
leads to reduction of phase-shifting errors. This phase-shifting interferometry with a genetic algorithm
is confirmed experimentally. © 2008 Optical Society of America

OCIS codes: 070.2580, 090.1760, 230.6120.

1. Introduction

Phase-shifting interferometry is a representative
temporal phase measurement technology. This tech-
nology receives much attention not only to acquire
three-dimensional information of objects, but also
to measure the deformations or resonant stationary
waves of instruments [1–4]. In general phase-shift-
ing interferometry, at least three phase-shifting
steps are required in order to delete nondiffractive
terms and to remove any ambiguities of phases in
the object wave. For the purpose of measuring the ob-
ject wave accurately, the phase of the reference wave
should be shifted definitely. However, practically, it is
hard to avoid phase-shifting errors since both misca-
libration and vibration of optics could cause phase-
shifting errors [5].
The simplest approach to reduce the effect of phase-

shifting errors is to simply increase the number of
phase-shifting steps to more than three [6]. Phase-
shifting interferometry with five steps is reported
to be more robust than the method with four steps
to the errors induced from linear phase-shift miscali-

bration and detector nonlinearity [7]. As branches of
minimum-norm methods, the least-squares fitting
method and the maximum-minimum algorithm pre-
sent proper solutions in spite of phase-shifting errors
[8,9]. However, these methods require a lot of phase-
shifting steps to correct even one imprecise phase
shift. And these are based on the pixel-by-pixel calcu-
lation among interferograms to evaluate the error
function. If noises are randomly distributed in inter-
ferograms, thesemethods with pixel-by-pixel calcula-
tions cannot lead to optimized solutions.

To compensate these randomly distributed noises,
integral methods averaging out whole phases in each
interferogram are proposed. One integral method
using a polynomial expansion in interferograms de-
tects harmonic contents and deletes white Gaussian
noise [10]. Other methods computing the averaged
difference of phases among interferograms estimate
arbitrary unknown phase shifts [11–13]. However,
these integral methods assume that the average
value of noises over each interferogram is quite small
in comparison with its phase shift. And these evalu-
ate the amounts of phase-shifting errors by comput-
ing interferograms on the hologram plane without
taking reconstructed images into consideration.
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Therefore, in the case that the noises distributed on
interferograms cancel one another and their average
is negligible, these methods cannot find the fittest so-
lutions for improving reconstructed images.
As an indirect approach to error reduction, there

are some methods that improve reconstructed
images. In the case that the impulse response of
the system is blurred resulting from the aberration,
the sharpness metrics make the objects recognizable
effectively [14–16]. However, this approach only fo-
cuses on eliminating annoying noise in reconstructed
images by image processing. Therefore, it is impossi-
ble to find the amounts of phase-shifting errors quan-
titatively with these methods.
In this paper, we propose a novel scheme of phase-

shifting interferometry with a genetic algorithm ex-
ploiting the special property of twin image phenom-
ena, which frequently occur resulting from the
inaccuracy of the phase shifter. The twin image noise
in reconstructed images is a well known issue in di-
gital holography. This twin image noise is a conju-
gate term of the object wave, where the conjugate
term is regarded as the wave propagating in pseudo-
coordinates from the hologram plane [17,18]. In gen-
eral phase-shifting interferometry, phase-shifting
errors lead to generating of twin image noise, and
the degree of twin image noise is defined as a mea-
sure of the amount of phase-shifting errors. There-
fore we can reduce the phase-shifting errors
indirectly by trying to eliminate the twin-image
noise in reconstructed images. The degree of twin im-
age noise is evaluated by the ratio of coefficients in
Zernike polynomials. Generally, Zernike polynomial
expansion is used to express the aberration of optics
[19]. The Zernike polynomials are composed of two-
dimensional radial even and odd functions. These ra-
dial even and odd function sets are very useful for
evaluating the existence and amount of twin image
noise. The genetic algorithm is employed to find the
optimized phases of interferograms to increase the
oddness of the reconstructed image, that is, to elim-
inate the twin image noise.
This paper is organized as follows. In Section 2, the

twin image noise in Fourier optics is expressed nu-
merically. In Section 3, a genetic algorithm for elim-
inating twin image noise is proposed. In Section 4,
experimental results are presented and discussed.
In Section 5, a conclusion and perspective are given.

2. Twin Image Noise in Fourier Optics

In this section, general phase-shifting interferometry
is explained, and the relation of twin image noise and
phase-shifting errors is formulated. The characteris-
tics of this twin image noise are described in Fourier
optics, and from the resultant phase-shifting equa-
tion, how to estimate phase shifts of interferograms
is detailed.
Figure 1 shows the optical configuration for phase-

shifting interferometry in Fourier optics. The phase
shifter is realized by the piezo-driven mirror, and the
variable beam splitter is used to balance the inten-

sities of object and reference waves. This study is car-
ried out in Fourier optics, which is preferred since the
object wave is transformed by a Fourier lens. There-
fore the broad angular spectrum is recorded in holo-
grams, and the optical power loss of object waves is
relatively small [20].

In general phase-shifting interferometry, the ith-
step interferogram is represented as

Ii ¼ jUO þUR;ij2 ¼ A2
O þ A2

R þ 2AOAR cosðφ − αiÞ;
ð1Þ

where the object wave and reference wave are respec-
tively given by

UO ¼ AO expðjφÞ; ð2aÞ

UR;i ¼ AR expðjαiÞ: ð2bÞ

The relationship among phases of interferograms
is easy to understand when interferograms are re-
presented as two-dimensional vectors in the complex
plane [21]. The unit vectors of the object wave and
reference wave are defined by

φ̂≡ expðjφÞ ¼ ðcosφ; sinφÞ; ð3aÞ

α̂i ≡ expðjαiÞ ¼ ðcos αi; sin αiÞ: ð3bÞ

And the ith-step interferogram is clearly represented
as

Ii ¼ A2
O þ A2

R þ 2AO ARφ̂⋅α̂i: ð4Þ

Here the operator “⋅” means inner product in the
complex plane.

The difference between a pair of interferograms
eliminates nondiffractive terms, and in this differ-
ence, the influence of the reference wave is removed
by dividing with the amplitude of the reference wave.
Therefore this result, Iij, determined from a pair of
interferograms and the amplitude of reference wave,

Fig. 1. Optical configuration for phase-shifting interferometry in
Fourier optics.
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could be a base of phase-shifting interferometry,
which is represented as

Iij ≡ ðIi − IjÞ=AR ¼ 2AOφ̂⋅ðα̂i − α̂jÞ

¼ 2AO

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cosðαi − αjÞ

q
sin

�
φ −

αi þ αj
2

�
: ð5Þ

This relation between two phases of interferograms
in the complex plane is shown in Fig. 2. The norm of
(α̂i − α̂j) depends on the angle between α̂i and α̂j [22],
and it is related to the influencing power of the
base Iij.
Most phase-shifting interferometry equations

could be represented as the summation of the base
Iij with complex coefficients. For example, the four-
step phase-shifting interferometry equations in class
A of Ref. [7] are converted as follows:

− tanðφ0Þ ¼ I2 − I4
I1 − I3

; ð6aÞ

− tanðφ0 þ π=4Þ ¼ I1 þ I2 − I3 − I4
I1 − I2 − I3 þ I4

; ð6bÞ

U 0
O ¼ I13 þ jI42; ð6cÞ

U 0
O ¼ e−π=4ðI12 þ I43Þ þ je−π=4ðI31 þ I42Þ: ð6dÞ

Here, prime means the calculated value from mea-
sured interferograms. and Eqs. (6a) and (6b) are
equivalent to Eqs. (6c) and (6d), respectively.
In this paper, we use the phase-shifting interfero-

metry equation without constraints that the coeffi-
cients are unities. Since any phase-shift base Iij is
represented as the summation of Ii1 and −Ij1, without
the loss of generality the phase-shifting interferome-
try equation is simplified as

U 0
O ¼

X
i≠1

ai1Ii1; ð7Þ

where ai1 is the complex number with the magnitude
equal to or less than unity.

This phase-shifting interferometry equation is ex-
tended with the actual object wave term and the con-
jugate term as

U 0
O ¼

X
i≠1

2ai1AO½ðcos αi − cos α1Þ cosφ

þ ðsin αi − sin α1Þ sinφ�
¼

X
i≠1

ai1½ðcos αi − cos α1ÞðUO þU�
OÞ

þ ðsin αi − sin α1ÞðUO −U�
OÞ�

¼
X
i≠1

ai1ðcos αi − cos α1 þ sin αi − sin α1ÞUO

þ
X
i≠1

ai1ðcos αi − cos α1 − sin αi þ sin α1ÞU�
O:

ð8Þ

Here, the actual object wave is given by UO, and its
conjugate U�

O represents the twin image noise. The
coefficient ofU�

O diminishes when phase shifts fαiji ≠
1g are definitely executed suitable for complex coef-
ficients fai1ji ≠ 1g. The phase-shift errors obstruct
elimination of the twin image noise term in
Eq. (8). Therefore there is a close connection between
the twin image noise and phase-shifting errors, and
the degree of twin image noise could be a measure of
the amount of phase-shifting errors.

In this paper the hologram is located at the focal
plane, and the propagation of twin image noise in
Fourier optics is explained as the transfer function.
In a hologram with Fourier optics the original object
image and twin image noise are spatially related to
each other. Figure 3 shows the schematic of a holo-
gram with a Fourier transform lens with focal length
f . The propagation of an actual object wave from z ¼
z0 to the backward focal plane z ¼ 2f is formulated as

UOðλf f X ; λf f Y ; z ¼ 2f Þ ¼ Hðf X ; f Y ; z0ÞF½UOðx; y; z0Þ�:
ð9Þ

Fig. 2. Relation between two phases of interferograms in the
complex plane.

Fig. 3. Original object and twin image in hologram with Fourier
optics.
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Here, F denotes Fourier transform and Hðf X ; f Y ; z0Þ
is the transfer function, defined as

Hðf X ; f Y ; z0Þ ¼
A
jλf exp½jπλz0ðf

2
X þ f 2YÞ�: ð10Þ

And, the conjugate of this transfer function is repre-
sented as

H�ðf X ; f Y ; z0Þ ¼ −Hðf X ; f Y ;−z0Þ: ð11Þ
Therefore the propagation of twin image noise is gi-
ven by

Utwinðx; y;−z0Þ ¼ F−1½U�
Oðλf f X ; λf f Y ; z ¼ 2f Þ=

Hðf X ; f Y ;−z0Þ�
¼ −F−1f½UOð−λf f X ;−λf f Y ; z ¼ 2f Þ=

Hð−f X ;−f Y ; z0Þ��g
¼ −U�

Oð−x;−y; z0Þ: ð12Þ

In Eq. (12), the twin image appears centrosymme-
trically with the original object image at the recon-
struction plane, and Fig. 4 shows this characteristic
from experimental results where the images are nu-
merically reconstructed at various positions. The ho-
logram is constructed with a single base, and there is
an ambiguity of π, which leads to the existence of twin
image noise with the same intensity as the actual ob-
ject wave. Bolts are located at the focal plane z ¼ 0,
and a coin is located at z ¼ 0:2f . Both twin and origi-
nal object images of the bolts are in focus at z ¼ 0, as
shown in Fig. 4(b). On the other hand, in the case of
the coin, the twin image is in focus at z ¼ −0:2f in
Fig. 4(a), and the original object image is in focus cen-
trosymmetrically at z ¼ 0:2f in Fig. 4(c).
The centrosymmetric property of twin image noise

makes the reconstructed image be centrosymmetric
when the twin image noise exists. Therefore the ex-
istence of the centrosymmetry in a reconstructed im-
age can be a criterion for phase-shifting error. In this
paper, we evaluate the centrosymmetry in a recon-
structed image to solve the unknown phase shifts.
Even though this technique is not applicable when
the original object has perfect centrosymmetry and
is positioned on the optical axis, this is evitable by
shifting the original object off the optical axis. This
shift removes the centrosymmetry in the recon-
structed image with the original object, but the clear
separation between the original object image and
twin image noise is unnecessary. In Section 4, we pre-
sent some interesting cases that the evaluation of the
centrosymmetry is very effective for finding the prop-
er solutions of unknown phase shifts.

3. Genetic Algorithm for Eliminating Twin Image Noise

In this section, the genetic algorithm for eliminating
twin image noise using a Zernike expansion is de-
scribed. The degree of the twin image is evaluated
by the evenness of the reconstructed image with

the help of a Zernike expansion, and the coefficients
of phase-shift bases are optimized genetically.

The original object image and its twin image in
Fourier optics have the centrosymmetric relation
at the forward focal plane. If the original object image
and the twin image have equal intensities, the
reconstructed image can be expanded with two-
dimensional even functions. Therefore the evenness
of the reconstructed image reflects the degree of the

Fig. 4. Numerical reconstructions of twin images in Fourier op-
tics at (a) z ¼ −0:2f , (b) z ¼ 0, and (c) z ¼ 0:2f .
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twin image noise, and, as previously discussed, the
vanishing of the twin image means the diminution
of phase-shifting errors. Zernike polynomials expan-
sion is useful to evaluate the evenness and oddness
in a reconstructed image. In general, Zernike polyno-
mials are applied to express the two-dimensional
aberration composed of even and odd functions. With
the normalization conditions, the real Zernike poly-
nomials could be redefined as

Um
n ≡

8><
>:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðnþ 1Þ=πp
R0

nðρÞ; m ¼ 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ=πp

Rm
n ðρÞ cosmθ; m > 0

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ=πp

R−m
n ðρÞ sinmθ; m < 0

; ð13Þ

where ρ and θ refer to cylindrical coordinates. Here,
radial polynomials R�m

n ðρÞ are defined as

R�m
n ðρÞ ¼

Xðn−mÞ=2

s¼0

ð−1Þ−s

×
ðn− sÞ!

s!ððnþmÞ=2− sÞ!ððn−mÞ=2− sÞ!ρ
n−2s: ð14Þ

These real Zernike polynomials are classified into
even and odd functions according to the number m.
The real Zernike polynomials with even number m
are even functions, and the real Zernike polynomials
with odd number m are odd functions.
Wedefine the cost function of a genetic algorithmby

evaluating the degree of twin image noise as the sum
of even coefficients over the sum of odd coefficients:

cost function ¼ −

P
n

P
m¼0;�2;�4����n

ðcoefficients of Um
n Þ

P
n

P
m¼�1;�3����n

ðcoefficients ofUm
n Þ

:

ð15Þ

If the twin image is diminished, the sum of even coef-
ficients decreases down to the sum of odd coefficients,
and the cost function is close to negative one. In this
paper, we calculate the cost functionwith the real Zer-
nike polynomials up to n ¼ 8.

The genetic algorithm searches local optima
through two distinguished operations, which are mu-
tation and crossover [23]. The mutation is simply a
random search and makes small variations of the
present solution. The crossover operation is proper
in the convex optimization problem since the cross-
over operation is mathematically analogous to the
linear combination of two chromosomes in the float-
ing point coding scheme. The optimization of coeffi-
cients in the linear combination of phase-shift bases
is a typical convex problem. In this paper, we use
the microgenetic algorithm including the subloop
of crossover operations to search the optimized

Fig. 5. Flow of the microgenetic algorithm to eliminate a twin im-
age.

Fig. 6. Numerically reconstructed images (a) before and (b) after
the genetic algorithm.
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solutions efficiently. Figure 5 shows the flow of this
microgenetic optimization.
The chromosome in this microgenetic algorithm is

composed of the coefficients in Eq. (7), which is de-
fined as

xi ¼ fRefa21g; Imfa21g;Refa31g; Imfa31g; � � � ;
RefaN1g; ImfaN1gg: ð16Þ

In this paper, the number of phase-shifting steps is
four, which is a proper number that explains the re-
lationship among phase-shift bases in connection
with phase shifts of interferograms. At the first gen-
eration, the chromosome is set following the coeffi-
cients of the phase-shift bases in a conventional
four step algorithm, like

xi ¼ f0;−1;−1; 0; 0; 1g: ð17Þ

After optimization, resultant phase shifts of inter-
ferograms can be estimated. The optimized object
wave in the phase-shifting interferometry equation,
Eq. (7), is represented as

U 0
O ¼

X
i≠1

2ai1AO½ðcos αi − cos α1Þ cosφ

þ ðsin αi − sin α1Þ sinφ�: ð18Þ

The error function between the actual object wave
and the optimized object wave is defined as

e ¼ jU 0
O − cUOj

¼ j
X
i≠1

2ai1AO½ðcos αi − cos α1Þ cosφ

þ ðsin αi − sin α1Þ sinφ� − cðcosφþ j sinφÞj: ð19Þ

Here, the constant c is a factor to balance the mag-
nitudes of them. Since there are enormous numbers
of pixels in an interferogram and the phase φ is dis-
tributed uniformly, we assume that the phase φ is an
arbitrary independent value. Therefore the variables
cosφ and sinφ in the spatial average of the error
function could be treated as being independent col-
umns, and real and imaginary values could be re-
garded as independent rows,

Fig. 7. Evolutions in the genetic algorithm of (a) the fittest chro-
mosome and (b) the resultant evenness and oddness in recon-
structed images.

Fig. 8. Relationship between (a) the optimized coefficients of
phase-shift bases and (b) the resultant phase shifts of interfero-
grams.
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hei¼hjU 0
O−cUOji

¼norm
��

Refa21g Refa31g ��� RefaN1g
Imfa21g Imfa31g ��� ImfaN1g

�

×

0
BBB@

cosα2−cosα1
cosα3−cosα1

..

.

cosαN−cosα1

sinα2−sinα1
sinα3−sinα1

..

.

sinαN−sinα1

1
CCCA−c

�
1 0
0 1

��
;

ð20Þ

where the angle bracket himeans the spatial average
of waves, and the function normð·Þ of a matrix is de-
fined as a scalar that measures the magnitude of the
elements in the matrix. In Eq. (20), there are four
equations and (N þ 1) unknown variables, which
are α1; α2; � � � ; αN ; and c. Therefore the resultant
phase shifts, α1; α2; � � � ; αN , are solved by minimizing
the spatial average of the error, hei.

4. Experimental Results

In this section, experimental results are presented
and discussed. From the interferometry with un-
known phase shifts, the twin image noise is elimi-
nated by the proposed genetic algorithm and the
unknown phase shifts are estimated. By the use of
the resultant hologram, the reconstructed images
with a liquid crystal spatial light modulator (LC
SLM) are presented.
In this paper, a Coherent Verdi 5W Nd:YAG laser

with a wavelength of 532nm is used as a light source.

We use an XYZ-38 made by Piezosystem Jena as the
piezo stage for phase shifts and a KODAK
MegaPLUS ES1.0/MV with 8bit resolution as the
CCD whose pixel size is 9 μm. The focal length of
the Fourier lens is 750mm. The CCD is located at
the backward focal plane that is a hologram plane
as previously mentioned in Fig. 3.

Figure 6 shows the numerically reconstructed
images of the hologram with a plastic doll placed
at the forward focal plane. In Fig. 6(a), the twin im-
age appears definitely, but after processing with the
proposed genetic algorithm, it is certainly lessened,
as shown in Fig. 6(b). Figure 7 shows the evolutions
in the genetic algorithm, where six variables of the
fittest chromosome at each generation and the resul-
tant evenness and oddness in reconstructed images
are shown in Figs. 7(a) and 7(b), respectively. The
evenness and oddness are enumerated as ratios of
the sum of the coefficients in even-function and
odd-function terms to their total sum. The evenness
and oddness become close to each other as the twin
image noise disappears as expected.

Fig. 9. Numerically reconstructed images. Parts (a) and (b) show
the images at the focal plane z ¼ 0 and defocused plane z ¼ 0:2f ,
respectively, before the optimization. Parts (c) and (d) show the
images at the same positions as (a) and (b) after the optimization.

Fig. 10. Relationship between (a) the optimized coefficients of
phase-shift bases and (b) the resultant phase shifts of interfero-
grams.
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Figure 8 shows the relationship between the opti-
mized coefficients of phase-shift bases and the resul-
tant phase shifts of interferograms. In Fig. 8(a), the
absolute value of a complex coefficient defined in
Eq. (7) is noted between two related interferograms
where the value is scaled with the absolute value of
a21 being unity. For example, the absolute value of
a41, 0.6857, is presented between I4 and I1. These ab-
solute values stand for the contributions of related
phase-shift bases defined in Eq. (7). Figure 7(b)
shows phase shifts of interferograms. The third
phase shift, α3, and the fourth phase shift, α4, are
too close, and the contribution of the base I43 is rela-
tively small as 0.1850. This relationship is a natural
consequence since I43 has relatively little informa-
tion of the object wave, as discussed in Section 2.
In our another experiment, one plastic doll is

placed at the forward focal plane z ¼ 0, and a plastic
train is placed at the defocused plane z ¼ 0:2f . Fig-
ures 9(a) and 9(b) show reconstructed images at
the focal plane and defocused plane, respectively, be-
fore genetic optimization. In Fig. 9(b), the doll is in-
distinguishable, overlapped with the twin image
noise of the train. However, after the optimization,
the twin image noise disappears not only at the for-
ward focal plane as shown in Fig. 9(c), but also at the
defocused plane, and the doll is certainly distinguish-
able as shown in Fig. 9(d).
Figure 10 shows the relationship between the op-

timized coefficients of phase-shift bases and the re-
sultant phase shifts of interferograms from the
results shown in Fig. 9. Here, there exists the same
relationship that the contribution of the base with a
narrow phase-shifting angle between a pair of inter-
ferograms is small. That is, the phase shifts of two
interferograms I4 and I1 are close to each other,
and the contribution of phase shift base I41 is rela-
tively small.
In these experimental results, the twin image

noise is not clearly separated from the original object
image, and the overlapped portion of twin image
noise cannot be removed by simple blocking as the
synthesis of one-side band Fourier transform holo-
gram. However, the solution of phase shifts with a
genetic algorithm eliminates the twin image noise ef-
fectively, and the portion of original object image
overlapped with twin image noise is distinguishable.
Figure 11 shows the reconstructed images by LC

SLMwith previously discussed holograms. In this pa-
per,weuse anEpsonL3P06Xas theLCSLMwith pix-
el size 12 μm and a laser with wavelength 532nm.
Figures 11(a) and 11(b) are reconstructed images be-
fore genetic optimization andFigs. 11(c) and 11(d) are
reconstructed images after the proposed genetic opti-
mization. The comparison of two groups shows the
distinct improvements in reducing twin image noises.

5. Conclusion

With the proposed phase-shifting interferometry, we
can eliminate twin image noise and find the fittest
solutions in coefficients of the phase-shift bases. In

the reconstruction of a digital hologram from themea-
surement of phase-shift interferometry, the twin im-
age noise is the result of phase-shifting errors, which
is represented as a nonvanishing conjugate term. We
can reduce the phase-shifting errors indirectly by try-
ing to eliminate the twin image noise in the recon-
structed images. In this paper, the degree of twin
image noise was evaluated by the evenness in recon-
structed images, and the genetic algorithm was ap-
plied to find the fittest solution of the object wave
by controlling the coefficients of the phase-shift bases.
The separation of the evaluation of twin image noise
at the reconstructionplaneand the constructionof the
object wave from phase-shift bases at the hologram
plane gives more degrees of freedom than conven-
tional methods. By encoding resultant holograms
on a practical LC SLM, we showed that the outcomes
agreewith thenumerically reconstructed images. It is
expected that the proposed technique can be useful
not only in the Fourier optics dealt with in this paper,
but also in general Fresnel optics.

This work was supported by the Korea Science and
Engineering Foundation and the Ministry of Educa-
tion, Science, and Engineering of Korea through the
National Creative Research Initiative Program (Ac-
tive Plasmonics Applications Systems).
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