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Abstract: We propose an exact design, analysis, and visualization method
for multiple surface plasmon resonance (MSPR) mode excitation
phenomena for a structure composed of an optimized-thickness polymethyl-
methacrylate layer and a gold thin-film layer. The proposed simulation
method is based on a recursive transfer matrix method (R-TMM) and
Gaussian angular spectrum decomposition. Our method illustrates, under the
Kretchmann-Raether attenuated total reflection (ATR) geometry, the
response for an angle-modulated Gaussian incident beam. To verify the
simulation results we also performed experiments to excite MSPR modes
under the ATR geometry. Our fast and exact R-TMM with the Gaussian
angular spectrum method can be widely applied to the design and analysis
of metal- and dielectric-composed thin film structures.
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1. Introduction

Surface plasmon is an electromagnetic surface-bound wave (p-polarized, transverse-magnetic),
propagating along the interface between metal and dielectric layers. The metal behaves like
plasma, having equal amounts of positive and negative charges, of which the electrons are
mobile. The bound wave has an evanescent field, which decays exponentially perpendicular to
the surface. It can be produced by photons in the well-known Kretchmann-Ragether attenuated
total reflection (ATR) device. Surface plasmons have played a significant role in a variety of
areas of fundamental and applied research [1, 2], from surface-sensitive sensors [3] to surface
plasmon resonance microscopy [4], surface plasmon resonance technology [5], and a wide
range of photonic applications[6].

There are several methods for numerically solving electromagnetism for any arbitrary
geometry, such as the Green’s function method [7], the multiple multipole technique [8], and
the finite difference time domain (FDTD) technique [9, 10]. While the multiple multipole
technique requires relatively little computational load, it requires a significant investment in
user learning. The Green's function approach and FDTD require intensive computing load.
However, our method proposed in this paper is very simple and fast and can exactly anayze
the Gaussian beam response with small computing memory. In this work, we take the
recursive transfer matrix method (R-TMM) approach with angular spectrum decomposition to
analyze and visualize the excited multiple surface plasmon resonance (M SPR) phenomena on
the gold (Au) thin-film layer with a polymethyl-methacrylate (PMMA) dielectric layer. For
the MSPR modes excitation we coated a PMMA layer with the thickness of 450nm on an Au
thin-film layer with the thickness of 30nm.

The rest of the paper is organized as follows: First, we describe analytical calculations for
a simple three-layer surface plasmon resonance (SPR) structure with prism/Au/air layers.
With its extension to multi-layer calculations, we analyze an MSPR phenomenon for our
optimized four-layer structure with prism/Au/PMMA/air layers. Second, we propose and
discuss the R-TMM under an oblique Gaussian beam input source condition using angular
spectrum decomposition, and show some simulation results under the ATR geometry. And
also, we compare the simulation results with the experimental results for the verification of
the accuracy of our R-TMM method. Usually the SPR simulation has been done for uniform
plane wave inputs. To our knowledge, this is the first time to propose an efficient method to
analyze and visualize Gaussian input beam case. We especially discuss it with the MSPR
structure — the topic which has not been much discussed yet.

2. Analytic solution of the SPR

The optical properties of metals have been of interest for at least 100 years[11]. Mie provided
the form of the solution to the problem of light scattering by spherical metal particlesin 1908
[12]. Other high-symmetry forms, including finite thickness slabs, cylinders, and ellipsoids,
have been analytically solved. These analytical solutions require only the particle size and

frequency-dependent complex index of refraction A= n+iK with the real part representing
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the index of refraction and the imaginary part the absorption coefficient. These optica
congtants are available in the literature [13]. The surface plasmon has the propagation constant,
ke, Which can be determined by solving Maxwell's equations and continuity eguations
(boundary conditions) for an interface separating a metal from a dielectric with a p-polarized
light. Following equations show the propagation constants and reflectivities.

where g and &, are the complex dielectric constants of the prism and metal, respectively. 6
is the incident angle of the probing light. Here k22 is imaginary and the electric field

distribution at the metal surface can be expressed by E = Eoei(k“x_kzzz_m) and its real

amplitude distribution is given by |E| = |E0| e 1% Hence the excited surface plasmons are

exponentialy decaying and the value of the skin depth, at which the magnitude of electric
field fallsto 1/e of its maximum, becomesz,, =1/|Kk, |-
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Fig. 1. (a) General Kretschmann-Raether's SPR structure and calculated (b) dispersion relation,
(c) reflectance with respect to the incident angle variation, and (d) penetration depth with
reconstruction wavelengths of 532nm and 632.8nm. The following parameters were used in the
calculations: the refractive index of the substrate and SiO, prism is 1.460; the refractive index
of the gold film is 0.402 + i2.540 @532nm, 0.1726 + i3.4218 @632.8nm, and its thickness is
50 nm. @isthe variable incident angle of the probing beam.
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From the Fresnel's equation we can calculate the reflectivity of the p-polarized incident
light by the following equation.

2 B« fo + rlzezm kzi ij kzi kZi
R=|lop[  To = 1 as 0 S| L T, P &)
En. 1+rgn.e & & & &

where, d =K,,d, and d, isthethickness of the metal thin-film layer.

From these eguations we can calculate the dispersion relation and reflectivity at a
metal/dielectric interface. Figure 1 shows the general Kretchmann-Raether SPR structure with
a gold surface and its dispersion relation, reflectance, and penetration depth. Figure 1(a) and
(b) represent the basic ATR structure for SPR excitation and its dispersion relations for each
layer. Figure 1(c) shows the calculated reflectance of the three-layer SPR structure with SiO,
prism, Au film, and sample (air) layers using Eq. (2). Under the probing beams with the
wavelength of 532nm and 632.8nm, we can obtain the minimum reflectivity of 0.3343 at the
incident angle of 48.59° and 0.0429 at the incident angle of 46.03°, respectively. In addition,
we can obtain the sharper dip under the wavelength of 632.8nm than the wavelength of 532nm.
This means that one can obtain the better sensitivity and long penetration distance under the
wavelength of 632nm but it needs more angular resolution. From Fig. 1(d) we can see the
propagation distance of the evanescent wave generated by the excited SPR on the Au thin film
layer. In this figure, we assumed the input source is a sinusoidal plane wave. From the resullt,
we can see that the strongly excited SPR decays exponentially along the surface normal
direction under the wavelength of 632.8nm. And also, we can get the penetration distance
about 0.425um under the wavelength of 632.8nm.

Equation (2) for athree-layer structure can be easily extended to afour-layer equation by

replacing I, with ., which has the same form as I, in Eq. (2) with the appropriate

indices. Hence, by continuing this recursive procedure the reflectance for an arbitrary number
of layers can be found and simply represented by multiple scattering matrix form. The

tangential fields at the first boundary z =z = Oare related to those at the final boundary

Z2=2_, by
U U N-1 U
=M M, M M =TI N ©)
Vi Vg | k2 Via
cos —ising/
where, Mkz{ _ _ﬂk A qk} and qk=(uk/£~k)”2cosek. If we
—ig sin 5, cosf3,

assume the meta has no magnetic loss component, then U, =1 and

q = (1/ &, )1/200849k =(§k - sin? 91)1/2/£‘k , ad B, is gven by
" _ . 1/2

B = (271 A)f cosb, (z, - 7.,) = (7 - Zk—l)(Zﬂ./ﬂ)(‘c"k -n’sin’ ‘91) . For p-

wave at boundary k, U, = H)T, + Hf, V, =E] +E} and the reflection and transmission
coefficients for p-wave can be calculated by following eguations:
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Figure 2(a) shows our multi-layered MSPR structure composed of a SiO, prism and slide
glass, Cr and Au, and PMMA layers. This structure has been optimized for MSPR excitation.
The dlide glass with the thickness of 500 wm is used as a buffer layer for index matching with
the prism. The Cr layer with the thickness of 1nm is added for good adhesion between SO,
and the Au layer. The dispersion relation, reflection profile, and penetration depth profile are
presented at Figs. 2(b), 2(c), and 2(d).
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Fig. 2. (a) Proposed multiple SPR sensor structure and calculated (b) dispersion relation, (c)
reflectance with respect to the incident angle variation, and (d) penetration depth with two
different reconstruction wavelengths of 532nm and 632.8nm. The following parameters were
used in the calculations: the refractive index of the substrate and SIO, prism is 1.460; the
refractive index of the Cr film is 2.9 + i4.44 at the wavelength of 532nm, 1.44 + i3.40 at the
wavelength of 632.8nm and its thickness is 1nm; the refractive index of the Au filmis 0.402 +
i2.540 at the waveength of 532nm, 0.1726 + i3.4218 at the wavelength of 632.8nm, and its
thickness is 30nm; the refractive index and the thickness of the PMMA layer are 1.490 and
450nm, respectively.

As shown in Fig. 2(c), we can get the two minima reflectance (modes) of 0.2497 at the
angle of 43.89° and 0.2604 at the angle of 66.79° under the probing beam with the wavelength
of 532nm. The former mode is a waveguide-coupled (WC) SPR mode and the latter is the
SPR mode [3, 14]. However, only one minimum peak is observed at the wavelength of
632.8nm. To obtain these uniform multiple minima absorption peaks requires some careful
configurations of the thicknesses of metal layer and dielectric layers such as organic polymer
(PMMA, photo-resist) and glass (silica, borosilicate, flint, crown). For MSPR modes
excitation, we optimized aPMMA layer with the thickness of 450nm and an Au layer with the
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thickness of 30nm. Figure 2(d) shows the propagation distance of the evanescent wave and its
guided mode profiles. We can see that the two absorption peaks (modes) exist in the PMMA
layer at the wavelength of 532nm but only one mode appears at the wavelength of 632.8nm.

3. R-TMM visualization with a Gaussian angular spectrum decomposition method

In this section we discuss how to calculate the propagation of beams with the R-TMM method
under an oblique Gaussian beam incidence condition. The Maxwell’ s equations are decoupled
into two polarization sets; the TM set E.H E, and the TE set H,E H,. Each field set
can be modeled independently of the other. Solving the Maxwell equations considering

boundary conditions of the SPR structure, the electric and magnetic fields distribution at the i-
th layer under the TM (p-polarized) incident beam can be expressed as the following equation:

H, ZZ)OTQ{MLH exp|:ikzi (Z_li—l):|+ Mi,12 expl:_ikzi (Z_Ii—l)]}exp(ikxi X),

E =%{Mi,ll expl:ikzi (Z_li—l)]_ Mi,12 exp[_ikzi (Z_lifl)]}exp(ikxix)’ ®

where |, =Y d for 0Si<N, d,=0, and d, is the thickness of the i-th layer.

Now we consider the propagation of an incident Gaussian beam, i.e. incident TM field
E(X,2) that is not a uniform plane wave. In particular we will discuss the propagation of
the fundamental Gaussian beam. The Gaussian beam is the ideal diffraction limited wave and
often approximates laser beams well. Equation (6) shows the complex amplitude U (X, Z)
of the Gaussian beam [15-17].

U(xz)=E, WV(VOZ) exp{—#zz)}exp -j [kz+k 2F){((zz) —g“(z)j : (6)

22 2
where W(z):wo[1+(zolz) J is the beam width, R(z):z[1+(zolz) J is the

wavefront radius of curvature, {'(z)=tan(z/z,), z,=kW; isthe Rayleigh range,

and W, =(Az,/7)"*. We assume the incident field at a plane =0 has the Gaussian

beam profile. A multilayered stack extends foom z=0 to z= L. We can calculate the
field directly at all positions using the R-TMM method. For linear, space-invariant systems,
the input field can be decomposed into elementary components. Hence these can be
propagated individually, and the output field is obtained by summing the propagated
individual components. One possible decomposition method of the incident field

E(X,z=0) isobtained by performing the spatial Fourier transform given by Eq. (7).

A( fx;z:O):EE(X,Z:O)exp[—in:fXx]dx. (7)
The inverse Fourier transform of Eq. (7) expresses the field as a function of the Fourier
components A( f,;z=0).

E(x,z=0)=r;A( f;z=0)exp[i2z f x]df, . 8)
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Comparing the integrand of Eq. (8) with the equation for a plane wave
E(x,z)=E(x,0)exp(ik,z), we see that the Fourier transform decomposes the E-field

into plane waves with amplitudes A( f,;z=0) and wavevectors k, =27 f, in the x-

direction. The spatial frequency f, is related to the directional cosine o, f,=a/A.
Thus we see that the integration in Eq. (8) corresponds to the summation of plane waves with
amplitudes A( fX;Z=O) propagating in different directions in the x-z plane. We can

calculate the change of the plane wave amplitude A( f,z= O) as afunction of Z using
the proposed R-TMM. The transfer function relating A( f,;z) to A(f,;0) is obtained

from M, 'sin Eq. (3). Due to the discrete nature of the Fourier transform, the resulting E-

field is repetitive in space. The repetition distance is AX=A/Aa, where A is the
minimum required angular sampling distance. If the E-field of interest is limited in space or
can be approximated by a spatialy limited function extending over a spatia distance smaller
than AX, the discrete Fourier transform combined with a spatial filter of width AX
correctly reconstructs the origina field. Figure 3 shows the R-TMM visualization of the
excited MSPR phenomena under the oblique Gaussian beam input.
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Fig. 3. Simulation results for MSPR excitation phenomena for the structure with four-layer
(prism/Au/PMMA/air) using the proposed R-TMM with Gaussian angular spectrum
decomposition method; (a) Exfield and (b) Efield distribution of our proposed MSPR
structure under the incident angle of 66.8° with the wavelength of 532 nm, (c) simulated movie
for MSPR excitation with respect to the angle modulation for the Gaussian beam input with the
wavelength of 632.8 nm, and (d) simulated movie for MSPR excitation with respect to the
angle modulation for the Gaussian beam input with the wavelength of 532 nm.

Figure 3 shows the simulation results for MSPR excitation phenomena using our
proposed R-TMM under the oblique Gaussian incident beam condition with four layers
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(prism/Au/PMMA/air). From Fig. 3(a) we can see that the multiple plasmon modes have been
generated and propagated evanescently toward x-direction not only on the metal but also on
the PMMA surface. The WC-SPR mode excited at the angle of 43.92° has higher amplitude
and sharper bandwidth characteristics than the SPR mode excited at the angle of 66.9°. This
means that the WC-SPR mode has higher sensitivity under the small angle (or wavelength)
interrogation. From these figures we can see that all the transmitted waves through the Au
layer have exponentially decaying characteristics along both the x- and z-directions. Figure
3(b) shows the E, field distribution and the penetration depth of about 0.4um for the
wavelength of 532nm. Figures 3(c) and 3(d) show the MSPR simulation results with the four-
layer structure under the angle-modulated Gaussian incident beam with the wavelength
632.8nm and 532nm, respectively. From Fig. 3(d) we can see that two minima absorption
peaks are generated at the angle of 43.92° and 66.9°, respectively. In our simulation we used a
personal computer with Pentium4 3GHz CPU machine. A fast calculation time about 60.11
seconds per frame was achieved. The frame size is 500x150 and the minimum angular

sampling rate A¢r is0.02°.
4. Experimental resultsand discussion

The SPR detection system can be implemented by the most common Kretschmann-Raether
ATR coupling system, in which a thin metal film is attached to a prism with arelatively high
refractive index. The light then passes through the prism, at an angle of incidence greater than
the critical angle for the prism, which means that total reflection occurs at the prism-metal
interface. At total reflection, an evanescent field is induced, which is able to penetrate to the
metal film and excites a surface plasmon wave at the metal-ambient interface. Figure 4(a)
shows our ATR coupling system combined with a LabView control system and Fig. 4(b)
shows the experimental results from our multiple SPR excitation structure using two probing
lights with the wavelength of 532nm (DPSS Nd:Y AG laser) and 632.8nm (HeNe laser). From
the result we can see that the theoretical and experimental results are almost matched together.
Utilizing this setup, both angular and wavelength interrogations are possible.
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Fig. 4. (8) Kretchmann-Raether ATR coupling system and (b) its experimental result.

5. Conclusions

We presented an exact design, analysis, and visualization method for MSPR excitation
phenomena for a structure composed of a PMMA layer and an Au thin-film using the R-TMM
under an obligue Gaussian incident beam condition. And also, we fabricated and analyzed a
PMMA-based MSPR structure with the optimized thicknesses of Au and PMMA layers. The
proposed R-TMM illustrated, under the Kretchmann-Raether ATR geometry, the response for
an angle-modulated Gaussian incident beam. The proposed R-TMM result matches well with
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the experimentally obtained result in our MSPR structure as shown in Fig. 4. Our proposed
fast and exact R-TMM with Gaussian angular spectrum decomposition method can be widely
applied to metal and dielectric composed thin-film structure design and analysis. And also, it
has potentials for multiple bio-sensing, simultaneous thin-film thickness and refractive index

measurement, and nano-photonics applications with careful structure designs in accordance
with specific applications.
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