Calculation of the transmittance function of a
multilevel diffractive optical element considering
multiple internal reflections

Hwi Kim Abstract. A new method for calculating the transmittance function of a
Byoungho Lee, FELLOW SPIE multilevel diffractive optical element is described. Multiple internal reflec-
Seoul National University tions in the diffractive optical element induce phase and amplitude modu-
School of Electrical Engineering lation errors that deviate from the conventional transmittance function
Kwanak-Gu Shinlim-Dong model. A transmittance function model of a multilevel diffractive optical
Seoul 151-744 element is devised, taking these multiple internal reflections into ac-
Korea count. The results show that a surface relief profile of a multilevel diffrac-
E-mail: byoungho@snu.ac.kr tive optical element without phase modulation errors can be constructed

based on the proposed model. © 2004 Society of Photo-Optical Instrumentation
Engineers. [DOI: 10.1117/1.1795817]

Subject terms: transmittance function; diffractive optical element; multiple internal
reflections.

Paper 030561 received Nov. 10, 2003; revised manuscript received Mar. 26,
2004; accepted for publication Apr. 19, 2004.

1 Introduction with the use of the Fresnel reflection and transmission co-
efficients on the boundary between the air and the material.
For an obliquely incident and linearly polarized plane
wave, the geometric field distribution on the surface of the
DOE can be calculated by simple algebraic manipulation.
Based on this analysis, a transmittance function model is
proposed, in which phase and amplitude modulation errors
inherent in the conventional transmittance function model
€are removed, and an analytic expression is provided. Prob-
; icol5 . : lems associated with the construction of the surface relief
optical devices.™ Previous studies have concentrated on e are then treated. We concentrate on the realization of
the analysis and modeling of wavefront modulation and ¢ gesjred phase modulation distribution, since the phase
nonparaxial effects, but the effects of multiple reflections yisrinytion of the optical wave has a more significant effect
inside the devices were neglected in these previous works.qp, the function of the DOE than the amplitude distribution.
For materials with a low refractive index, multiple internal  This inverse problem can be solved analytically for the case
reflections can be negligible, since the Fresnel reflection of oblique incidence, but only numerically for the case of
coefficient is very small, even for an abrupt change in re- normal incidence. A comparison of the conventional and
fractive index. However, when the refractive index of a proposed approaches is made.
material is high or the incidence of the optical wave is ~ |n Sec. 2, the reflection and transmission of an oblique
somewhat oblique, the Fresnel reflection coefficient is not incident plane wave on the boundary between two different
very small, and as a result, the effects of multiple internal index materials are reviewed. In Sec. 3, the transmittance
reflections should be expected to be significant. function model of a multilevel DOE is described, taking
One of the most important optical devices, the multilevel multiple internal reflections into account. In Sec. 4, prob-
diffractive optical elementDOE), usually has an optical lems associated with the construction of a surface relief
function that can be described by the conventional trans- structure of a DOE are analyzed, and a relief construction
mittance function model. However, it is certain that mul- algorithm is devised for obtaining the desired phase distri-
tiple reflections occur inside multilevel DOEs in practice. bution.
Because of this, consideration of multiple internal reflec- ] o
tions is necessary if a more accurate model of the transmit-2 Fresnel Reflection and Transmission

The transmittance function model is adopted in modeling
thin surface-relief-type optical devices such as gratings and
lenses in wave opticsIn the conventional transmittance

function model, the local phase change in an incident opti-
cal wave at a spatial point is proportional to the local thick-
ness of the optical device at that point. However, some
studies have been conducted to improve the transmittanc
function models not only of thin, but of thick surface-relief

tance function of a multilevel DOE is to be obtained in Coefficients of Obliquely Incident Plane Wave
cases of high refractive index or substantial incidence The Fresnel reflection and transmission coefficients for an
obliquity. obliquely incident plane wave are reviewed in preparation

In this paper, a transmittance function model of a mul- to solving the problem at hand. For an obliquely incident
tilevel DOE is investigated, taking multiple internal reflec- plane wave these coefficients can be derived with the aid of
tions into account. We search for a geometric wave solution elementary electromagnetigd.et us assume that the inci-
for the field distribution on the surface of a multilevel DOE dent plane wave has an incidence angle,cén azimuthal
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ty ki .= (kgn3—k3n? sir? 9)Y2, (8)

where .k .k ;) and & .k y.ky,) are the wave
vectors in medium | and medium I, respectively. With the
z use of the relation&b) to (8) and by means of some lengthy
but straightforward manipulations, the reflection and trans-
mission coefficients can be obtained as

-
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Fig. 1 An incident plane wave having incidence angle 6, azimuthal = : - )
angle ¢, and polarization angle ¢ propagates from medium | with COSy COSO Sin ¢+ siny Cos¢ (10)
refractive index n, to medium Il with refractive index n,,.
R,
Fz(ev(ﬁ!l/,!nlinll):U_Z_FTM! (11)
z
angle of ¢, and a polarization angle af, as indicated in
Fig. 1. The incident wave going from medium | to medium T,
Il can be represented as (0, ) =
Einc=(UxX+U,y+U,z)ex jkon (x sin 6 cos¢ _ 71w COSY COS0; COS$— Tresiny sin g
+ysingsing+zcosd)], 1) COSy COSH COSp—Sin iy sin ¢ 12)
whereU,, U,, andU, are given by T
o ’ Ty(9,¢,¢rn|vn||)zu_y
(Uy,Uy,U,) =Eq(cosy cost cosp ’ ) )
_ _ . _ T1v COSY COSH, SiN ¢+ Tre Siny coSd
—siny sin ¢, cosy cosd sin ¢ ~ cosycosfsing+singcosd 13
+siny cos¢,—cosysing). 2
. . . and
Let the reflected and transmitted waves in region | and
region Il be, respectively, represented as T. rsing
z_ L, (14)

- - A 7(0,d,4,n,,N)=—= -
Ei=Einct (R&+RyJ+Re2)extLj (K x+ ki yy K 12)] AN TG T sing

where (y,I'y,T';) and (ry,7,,7,) are the reflection and

and transmission coefficients for each polarization component.
For the manipulation, Snell’'s law, sin 6=n,, sin g;, is use-
Ej=(TeX+Tyy+T,2)exd j (ky xx+ky yy+kyi ,2)1, (4) ful for deriving succinct expressions, so the refraction angle

symbol 6, is involved in the expressiond2) to (14). The
whereR,, Ry, andR, are the reflected wave components coefficientsI'tg, 7rg, I'ty, and 7y are given by
andT,, Ty, andT, are the transmitted wave components.

To satisfy the phase-matching conditions on the transverse n, cosf—n; cosé;
plane ¢=0), the following relations of the wave vector 1'Te= ; (15
’ ) n, cosé+ n; cosé,
components must hold:
. 2n, cosé
K v=k;. «=Kon, sin @ cose, (5) - !
xR xR TTE™ 1, cosf+ny cosd,’ (16)
k|’y:k||’y:k0n| SinHSin ¢, (6)
n, cosf,—n; cosé
_ ™= , (17)
ki, ,=Kkon, cosé, (@) n, cosé,+n, cosd
and and
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Transmitted wave

Incident plane wave n;

Back scattered wave

Fig. 2 Modeling of multiple internal reflections inside a multilevel
DOE (two-dimensional view).

2n, cosé
~ n,cosé;+n, cosé’

TTM (18)

Let us symbolize the set of reflection and transmission co-
efficients as [[1,I'1y,I"1,, 714,71y, 71,) When the wave
propagates from medium | to medium |IlI, and
(Tox.Tay:los,T2x, T2y, 72,) When wave propagates from
medium Il to medium I. The latter set can easily be ob-
tained by exchanging refractive index for n, and inci-
dence angle for 6, in Eqgs.(9) to (18).

3 Calculation of the Transmittance Function of
the Multilevel DOE

The conventional scheme for calculating the transmittance
function of a multilevel DOE for an obliquely incident
plane wave is as follows. Assuming that the incidence angle
in medium | is@ and the refraction angle &, we note that
the phase change along the normal directipmlirection
through the DOE i, ,d, whered is the normal thickness

of the DOE at the point of the incidence. Since the relative
phase difference of two waves propagating through me-
dium I and medium Il of thicknesd is (k, ,—k; ,)d, the
maximum thicknessl ., Of the surface relief structure to
yield a 27 phase difference is given by

A
n, cosf,—n,cosh’

(19

Amax=

and the thickness for inducing a relative phase chapie
linearly proportional tog as

N

d‘/’:2w(n|| cosf;—n, cosf)

(20

In this conventional scheme, multiple internal reflections
are regarded as being sufficiently weak to be negligible.
However, when the refractive index of a material is high
or the incidence is rather oblique, multiple internal reflec-
tions are significant. Figure 2 shows that multiple internal
reflections occur inside the DOE. In Fig. 8, andn,, indi-
cate the refractive indices of the surroundirigs) and the
material of the DOE, respectively. A multilevel DOE con-

sists of two parts—the substrate region and the modulation

cell region—the refractive indices of which are the same:
n, . A modulation cell indicates one pixel and has a certain

Phase modulation cell

¥,
v /A
A/

7—
/ 7 G
4 c-,
Substrate
4
)

bt N, (refractive index)

Fig. 3 Modeling of multiple internal reflections inside a multilevel
DOE (three-dimensional view).

thickness on the surface relief structure. The incident wave
enters the DOE at the bottom with incidence angl®ar-

tial reflection and transmissiofrefraction occur at this
point. After the initial event, the refracted wave continues
to propagate along a zigzag path inside the DOE. Whenever
the running wave meets the boundary between air and ma-
terial, partial reflection and transmission occur. As a result,
the transmitted wave and the backscattered wave are super-
positions of all the partially transmitted local waves at the
ceiling plane and the bottom plarisee Fig. 2 It can be
seen that many local plane waves contribute to the complex
field distribution on the surface of the DOE. Multiple inter-
nal reflections would be expected to induce different phase
and amplitude deviations from that predicted by the con-
ventional transmittance model.

In this paper, a theoretical approach to multiple internal
reflections is addressed in an attempt to obtain a more re-
fined transmitted function model for multilevel DOEs. Be-
fore elaborating the theory, a restriction is placed on select-
ing the incidence angle of an incident plane wave. We
introduce the so-called cell-to-cell matching condition to
deal systematically with multiple reflections inside the
DOE, with Fig. 3 representing a three-dimensional view of
wave propagation inside the DOE. Let us defihas a set
of wave vectors for propagating local plane waves inside
the DOE as

Sz{kll,mn}v

where the elementary wave veckyr o, is defined as

(21

kll,mn:(kll,x :kn,y !kll,z)mn
konyAm
[(Am)2+(An)2+h?]H2’

konyAn
[(Am)?+(An)2+h?]V2

. konyh
T [(AM)2+(An)?+h2]H2)’

(22
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wherekg is the wave number in vacuum, andandh are

the length of a unit cell and the thickness of the substrate,
as shown in Fig. 3. The integer parameter pai;r{) dis-
cretizes the propagation direction of the local plane wave in
Eqg. (22). Hence, a local plane wave propagates from a sec-
tioned cellA; at the bottom plane to another sectioned cell
B, at the ceiling plane, and a portion of it is reflected to
propagate to another cel, at the bottom plane. The
theory is unfolded using this setup. If the substrate thick-
nessh is sufficiently large, the allowed propagation direc-
tions will be almost continuous. Thus to satisfy Snell’s law,

wave vectors of the incident wave, backscattered wave, and

transmitted wave in medium | take the form

kl, mn— ( kl,x ) I(1,y ) kl,z)

konyAn
[(Am)?+(An)2+h?]Y2’

konyAm
[(Am)2+(An)2+h?]12’

(Am)2+(An)?
(Am)?+(An)2+h?

ny

_)2

n

12
) . (23

Considering Eqs(5) to (8) and(22), 6, 6;, ¢, andy can be
found for an index pairrf,n). The reflection and transmis-
sion coefficients  {1x,[1y,I'1,,714,71y,71,) and
(Fox Loy l'2z,Tox, 72y, 72,) are obtained by substituting
the obtained, 6;, ¢, and ¢ into Eqgs.(9) to (14).

Let us consider the situation in which a local plane wave
strikes the(0,0)'th cell area at the bottom plane of the sub-
strate. The refracted wave with the wave vedtgy, propa-
gates inside the substrate, reaching thmen()’th cell at the
ceiling plane of the DOE as shown in Fig. 3. A portion of
the local plane wave is reflected at the cell surféite
ceiling plang, and the other portion is transmitted to me-
dium I|. The reflected partial wave propagates to meet the
(2m,2n)’th cell at the bottom plane. Therefore, the multiple
reflection process inside the DOE can be formulated as fol-
lows. The phase variation of the local plane wave running
through the substrate region is given by

el

P,=P =exd jkon;(Amsiné, cos¢+Ansiné,; sin¢
+hcosé,)], (24)

where] and | indicate upward propagation and downward
propagation, respectively. Let the thickness of threr()’th
modulation cell be,,; then the phase change by the sur-
face relief piece appears as

Pmn= Ymn€Xp(jKoNy COSOit ), (25

where the loss induced by shadowing effects by thin verti-
cal facets is not considered.
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Incident plane wave

Fig. 4 The symbols F®, FT, GR, and G" denote the reflected and
transmitted wave components at the bottom and ceiling, respec-
tively.

Four symbols to be used in applying the theory are
shown in Fig. 4. The symbol§" and FR, respectively,
denote the wave transmitted to the surroundings and the
wave reflected to the substrate at the ceiling plane. The
symbolsG" and GR denote the wave transmitted from the
substrate to the surroundings and the wave reflected at the
bottom plane. But it should be noted thaf andG' are
also used to indicate the initial refracted and reflected
waves of the starting incident wave at the bottom plane,
respectively. With these four symbols, we proceed to de-
scribe a multiple reflection process inside the DOE, as
shown in Fig. 3. Let the index pairp(q) indicate the
(p,q)’th sectioned area at the bottom plane or the ceiling
plane. The subscript integer pap,) of a quantity implies
that the quantity is located in the(q)’'th sectioned area.
For convenience, the incident plane wave is taken to be
linearly polarized in thex direction, that is,U,#0 and
Uy,=U,=0 in Eq. (1). Thus onlyx-direction components
of waves are considered. However, to simplify the descrip-
tion, the subscripk is omitted hereafter in all used terms.
At the sectioned areap(q), the incident plane wave is
denoted byE_';. The initial refracted wavé;g“q and the

reflected waveG;q at the position then take the forms

pa=Epami (26
and

_—

Gpa=Epal'1- 27)

The initial refracted local wav@ff’q goes to the i
+p,n+Qq)’'th modulation cell at the ceiling plane; the

; T
transmitted waveFp, .. and the reflected wave

F§+p,n+q at the ceiling plane are then represented as
R _CR
l:m-¢-p,n+q_GO><m-¢—|o,0><n-¢—qF’TPm+p,n+q1-‘2
:Elg,?q'rlPTPm-f-p,n-%—qFZ (28
and
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T _~R
Fm+p n+q— Goxm+ p,0><n+qPTPm+p,n+q7'2

:Eipn,qulpTPerp,nJquz- (29

In the preceding equations, the produetP ;. q

represents the phase variation along the ray path. The trans-

mitted waveF ), n.n+q Will contribute to the resultant field
distribution at the fh+ p,n+q)'th cell at the ceiling plane,
and the reflected waveR +p.n+q Contributes to the (&
+p,2n+q)’th cell at the bottom plane. At the position
(2m+p,2n+q) on the bottom plane, the relations between
the reflected wavés2rn+p2n+q and the transmitted wave

G2m+p 2n+q are

G§m+p,2n+q:F§+p,n+qpm+p,n+qplrz (30)
and
G2m+p 2n+q_F§+p n+qu+p,n+qu72- (31

The reflected waves5,, , . then propagates to the
(3m+p,3n+q)’'th cell at the ceiling plane The relation-
ship between the transmitted Wa\"—%m+p3n+q and re-
flected WaveF3m+ 3n+q at the ceiling plane are analogous
to the relations WI'[h the prewous local plane wave compo-

nentsFm+p ntq and Ferp n+q-

R _~R
F3m+p,3n+q_GZm+p,2n+qPTP3m+p,3n+qF2
_R
Fm+p n+qu+p,n+qPLF2P P3m+p,3n+qF2

— R
_apm+p,n+qp3m+p,3n+q|:m+p n+q: (32

-
I:3m+p3n-¢—q aPm+p n+qP3m+p3n+qu+p n+q: (33

wherea is defined bya=P I',P,I',. From Eqs(32) and
(33), we can obtain two coupled progressions by math-
ematical induction:

FR
(2r+1)m+p,(2r+1)n+q
= aP(2r+1)m+p,(2r+1)n+qP(2r71)m+p,(2rfl)n+q

R
XF Gr—1ym+p.2r—1)n+q (34)

and

ET
(2r+1)m+p,(2r+1)n+q
= aP(Zr+1)m+p,(2r+1)n+qP(2r71)m+p,(2r71)n+q

><F(2r 1)ym+p,(2r=1)n+q? (35)

having the respective initial terms

R _~R
I:m-%—p n+q-— G0><m+ p,0><n+qPTPm+p,n+qF2

:EEZTlPTme,MqFZ (36)

and

T _ ~R
Fm+pn+q Go><m+p,o><n+qPTPm+p,n+q7'2
:EEZTlpTPm+p,n+q7—2- (37)
This results in two formulas,
ER
(2r+1)m+p,(2r+1)n+q
2
_r le:O(P(2I+1)m+p,(2|+1)n+q) R
P P Fm+p n+q (38)
m+p,n+q" (2r+1)m+p,(2r+1)n+q
and
F(2r+l)m+p(2r+l)n+q
- o(P 21+ 1yme p.21+ 1ntq)
= 1 T
=a' Fm+p n+q: (39

Pm+p,n+qP(2r+1)m+p,(2r+1)n+q

which are the reflected and transmitted wave components at
the ceiling plane, respectively. Using E®9), we can de-

rive the total field distributior(u,v) on the ceiling plane,
which corresponds to the input plane of the Fresnel diffrac-
tion transform in the design of the DOE.

Let us examine wave components that contribute to the
field distribution at a certain positioru(v) at the ceiling
plane. Observing the left-hand side of E&9), it can be
easily seen that the total field distribution is the sum of all
contributing components

F(U,U) E F (2r+1)m+p,(2r+1)n+q: (40)
where allr, g, g must satisfy the relation
(u,v)=((2r+1)m+p,(2r+1)n+q). (42

The corresponding transmittance function of the DOE,
T(u,v), can be obtained as
T(u,v)=exp(— jkon, cosbt,,)F(u,u)/ELS . (42)

For example, let us consider the case of normal inci-
dence. Then the direction of propagation of the local plane
wave is normal to the bottom and the ceiling plane, and the

number of multiple internal reflections is infinite. So
=0, n=0, andr—oo. If these conditions are substituted

into Eqg. (39), the r'th wave componenFpqr takes the
form
£ H| o(Pr+1)0+p,21+1) o+q)2 T
p.a: " P0+p 0+qP (2k+1)0+p,(2k+1)0+q P.a.0
=a'(Ppg) ¥ Fpq0- (43

The total transmitted field(p,q) at the (p,q) position is
the sum of wave componerif%’q’,, so the following rela-
tion holds:
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Phase change (deg.) Phase change (deg.) Phase change (deg.)
F(p,q)zZ Fl.. 400 400 : | 400 :
TP n, =15 n, =25 ! n, =35
3501 350t 350}
Fp.a0 g
= 300¢ 300¢ 300 Y/
1-a(P,q)? ;
_ 250+ 250} y 2501
Epg2niny 4
= : . . 2001 200¢ 200 4
2niny; cog Ky, (tpqt+ )] = (nf+nf)sinky (tpq+h)] / 7
(44) 150¢ 1500 4 150§
Consequently, with the aid of E¢42), the transmittance 1007 10or 100r
function is given by 50 sof ' 50/
T(p.q) = 20Ny EXP~ JK, A po) . ° o5 1 % s
2niny cog ko (tpg+ ) 1= j (nf+nisinky, (tog+h)] Normalized Normalized i Normalized th
(45) (@)
The derived formula agrees with the transmission coeffi- %™ “® e e Fhase error (dee)
cient obtained in solving a textbook level problem. For con- ny =15 ny =25 n, =35
venience, we reduce the optical path length of the substrate 8] 181 18 ﬂ “ n
thickness modulo 2. So the phase modulation formula 16f 16f 16
reads as 141 14l 14
. 12¢
2niny expl—jK tpg) 12 12
(tyg) =ar — > . 10} 10} 10
2niny cog Ky ,tpg) —J (N7 +nj)sin(ky, ,tpg) ol . .
(46 6 6 6
Whent,,=0 andy(0)=0, the smallest positive value tf, a4l 4 4
to make the phase change by 2an be then determined by 5 5 5
finding the first positive zero of the following function:
% 0.5 1 % 0.5 1 % 0.5 1
Normalized Normalized thickness

T(tyg) =200y sin(k; ,tpg)cosKy 2t pq)

—(nZ+nd)sin(ky tpg) cogK; ,tng). (47)

Let the thickness corresponding to a& phase change be

denoted byt, .. In addition, note that the phase modulation

(46) can be viewed as a function of the thickness divided
by the wavelength with two parameters, viz., the refractive
indicesn, andn,, . That is, the thickness is scalable with the
wavelength for a fixed phase modulation value. Therefore
we only need to concern ourselves with the phase variation
curve, nonlinear in the thickness variable, normalized by
the wavelength, for several refractive indiegsof the ma-
terial and a fixed refractive indew, of the surroundings.
Our problem is independent of the value of the wavelength
if the thickness is scaled appropriately.

Figure 5 shows the changes in phase and amplitude for a
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normally incident plane wave as functions of the thickness
of the passed dielectric slab for three different material in-
dicesn,,. In Fig. 5, for convenience, the thickness normal-
:czecihby ;he ZT-Ft)hIase_thllckr'l:e_SBZ% Istﬁsedd alf t:e Vgrlat?!g incident plane wave through a single dielectric slab as a function of
,Or ,e .OI’IZOI’I a aXIS,' n Ig.( ), the a_s _e an SO_I slab thickness for several material refractive indices (n,=1.5, 2.5,
lines indicate, respectively, the phase variation curves in the 3.5). The thick dashed lines are the phase change curves with mul-
range from O to 360 deg with the change in normalized tiple internal reflections considered, while the thin solid lines are
thickness of the dielectric slab, considering multiple inter- those obtained by the conventional transmittance model. (b) Com-
nal reflections. and those of the conventional transmittance P&ison of phase errors as a function of the slab thickness for sev-
! . . eral material refractive indices. (c) Comparison of the change in
model, forn;=1.5, 2.5, 3.5. Itis seen that, as the refractive ampiitude of the transmitted wave as a function of the slab thickness
index becomes higher, the influence of multiple internal for several material indices. Solid line, dashed line, and dotted line
reflections on phase variation becomes more significant. indicate the cases n,=3.5, n,=2.5, and n;=1.5, respectively.

(©)

Fig. 5 (a) Comparison of the phase change curves of a normal
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Fig. 6 (a) The conventional construction of the surface relief structure of a multilevel DOE generating
a lenslike phase modulation profile, (b) the phase error distribution induced by multiple internal reflec-
tions, and (c) the amplitude distribution of the transmitted wave in the case of normal incidence.

For a clear comparison of the three cases, the magnitude ofnumerical results are presented in Fig. 6. The conventional

the phase errors for the conventional transmittance model istransmittance model gives the thickness of a cell generating

shown in Fig. %b). The maximum phase error values are 2, a phase modulation valug as

10, and 18 deg, respectively. Since the refractive index of a

semiconductor material such as GaAs is about 3.6, a con-

sideration of multiple internal reflections is of practical im-

portance in the design of DOEs using a high-index mate- Hp) = Ny 48)

rial. Figure §c) shows the variation in the amplitude of the 2m(ny—n))’

transmittance functior(45) as a function of normalized

thickness for the three cases. The dotted and dashed lines

indicate the cases af,;=1.5 and 2.5, respectively. In the ) o

case ofn,=3.5 (solid line), remarkable amplitude varia- The value for amplitude modulation is assumed to be a

tions down to 50% transmittance are observed, which cor- cOnstantA()=1. Using the conventional formule48),

respond to only a 25% transmission in terms of intensity. the surface r_ellef structure of a DOE is con_structed to gen-

Therefore the dependence of the phase and amplitude variagrate a lenslike phase modulation profile. Figu@ 6hows

tions on slab thickness for a local wave transmitted through the constructed surface relief profile of the DOE. The ver-

a dielectric slab should be considered in the design of tical axis in Fig. 6a) represents the thickness normalized

DOEs. It is desirable that a proper cell thickness be deter- by wavelength. Assuming a material refractive index

mined to generate a desired phase modulation in the con-=3.5, the phase errors are distributed over nearly all the

struction of a surface relief structure, so as to realize the positions on the DOE, as shown in Fighh As previously

optimized DOE phase profile, and the amplitude variation seen in Fig. &), the maximum phase error is about 18 deg.

data as shown in Fig.(6) should be used appropriately in  Figure @c) shows the amplitude distribution of the trans-

the step involving the optimization of the DOE phase pro- mitted wave. The amplitude varies from 0.53 to 1 with

file using the iterative Fourier transform algorithm. thicknesst,,, as seen in Fig.®). This confirms that the
For a DOE designed to generate a lenslike phase modu-conventional formula(48) does not produce the correct

lation profile, we show an example of the analysis of phase thickness to give the desired phase chargand that the

and amplitude errors. In the case of normal incidence, the assumption of constant amplitude modulation fails.
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Kim and Lee: Calculation of the transmittance function . . .

Next, we consider the case of oblique incidenoe#0 calculated is (¢,v)=(2m,2m). At the second position
or n#0). Substituting Eqs(25), (37) into (39), the r'th (u,v)=(2m,2m), the superposition of one wave compo-
transmitted wave component originating from the initial nent originating at the incidence positiop,{)=(—m,
position (0,q) at the bottom plane takes the form —n) and the other originating at the incidence position
(p,g)=(0,0) yields the final field distribution. For general
cases, the calculation details are as follows. For an initial
position index pair p,q), the first equation takes a form
with one term,

FT
(2r+1)m+p,(2r+1)n+q
= PTEIFI)’]Y(aa’r T1To eX[{ J kon”

F(p+m,q+n)=expjkon; oSb; t(pm)(q+n)) PTrlrin,;"%

X Ccosé,| t . i
t( [(2r+1)m+p][(2r+1)n+q] :eXliJkzt(p+m)(q+n))PT717'2Elpn,cq- (51)

. (49 The second equation is expressed with two terms as

r—1
+ 220 tri+ym+pircl +1)n+q])

Substituting Eq(49) into Eq. (40), the total field distribu- ~ F(p+3m,q+3n)
tion F(u,v) at the position ¢,v) can be described as =P EpS om.q+ 207172 €XP KA (p+ 3m)(q+3n)
+ PTE;?,%Tsza exf jK(t(p+3m)(q+3n)

F(up)= >, F<Tzr+1)m+
' p.(2r+1)n+q
r.p.q +2t(p+m)(q+n))]

. =exp(jk,t VP 1
= 2 PTEIF:%arTszeX[{jkon” Z_(p+3m)(q+3n) Tl 2inc _
r.p.q XeXF{Jkz(2t(p+m)(q+n))]{Ep+2m,q+2na
Xexq_jkz(Zt(p+m)(q+n))]+Ei,?,% : (52)

X 0039t< trc2r+ Dm+plr(2r+ 1n+q]

Similarly, the third equations can be obtained as

r-1
+ 220 tr21+ Hymeplr2l +1)n+q]>
F(p+5m,q+5n)

=exp(jkon, cosé; tuv)PTrszr,zp,q Eipn’%ozr =ex[:(jkzt(p+5m)(q+5n))PT7'17'2012
Xexfd jK2(tp+amyg+amt tprmigen)]
X ex;{ ikony cosf, 2 X {E?$4m,q+4na*2 exfl — jKz 2(t(p+3my(q+3n)
1 T tpemyarm) ]t Ei;;EZm,quzn‘f1
XZO t[(2|+1>m+p][(2|+1>n+q])- (50 ><exp(—jk22t<p+m)(q+n))+E‘g‘;}. (53
A systematic method for calculating(u,v) is as fol- With the aid of mathematical induction, the general form of

lows. First, let us assume that the concerned DOE has athe field distribution can be obtained as
rectangular aperture, on which arby-N matrix of phase
modulation cells is built. The position index pair,¢) of a

cell is in the range fron{0,0) to (M —1,N—1). However, Flp+(2r+1)m,g+(2r+1)n)

the other index pairg,q) indicating a sectioned area in the = eXP(iK A p+ (2r+ 1ymifqe (2r + 1)) P 71 20"
bottom plane is allowed to be valued in the range from 1

(—o0,—) to (e0,). Without loss of generality, it can be )

assumed that botim andn of the index pair tn,n) indicat- ><exp( J ZkZEO t[p+<2l+1>m][q+<2I+1)n])

ing the direction of the propagating wave are positive. Let

us begin the calculation df(u,v) in ascending order of '

the total number of wave components superposed to make XEO Elr?izlm,qﬂln“ I

the final field distribution~(u,v). If the starting incidence

position is ,q) =(—m,—n) in the bottom plane, the field ) !

calculation starts at the positiomi,@) =(0,0) that the re- X ex _JZKZCZO tp+ 2+ vmilg+(2c+ vl |+ (54)

fracted wave reaches. At that position, only the refracted
wave component contributes to the final field distribution.
After this, the position of the second field distribution to be wherer is in the range
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: Calculation of the transmittance function . . .
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Fig. 7 (a) The conventional construction of the surface relief structure of a multilevel DOE generating
a lenslike phase modulation profile, (b) the phase error distribution induced by multiple internal reflec-
tions, and (c) the amplitude distribution of the transmitted wave in the case of oblique incidence.

M—p—m-1
2m

N—gq—n-—-1
2n

O<I=<frpa=Mmin

in which [ ]is Gauss’s symbol.

In the other hand, foru,v) to cover any integer pair of
the cell matrix representing the entire aperture of the DOE
p andg of the index pair of the incidence position should be
in the ranges—-m=p=m-—1 and —n=sqg=<n-—1, respec-
tively. Therefore the number of initial position index pairs
is 4mn+2n(M —2m)+2m(N—2n). For an incidence po-
sition (p,q), one sequential equation system of E§4)

are presented in Fig. 7. The conventional transmittance
model[Eqg. (20)] produces the surface relief structure of the
DOE, as shown in Fig. (@). The vertical axis in Fig. (&)
represents the thickness normalized by the wavelength.
With a refractive index of the material af,,=3.5, the
phase errors are distributed, as shown in Fi@n).7The

" maximum phase error is about 26 deg, which is larger than
that in the normal incidence case, and the distribution ap-
pears quite asymmetric. In general, as the incidence angle
increases, phase errors become larger, a generality that was
confirmed by several simulations. Figuréc)7 shows the
amplitude distribution of the transmitted wave. The ampli-

can be determined. Thus, all the equations to calculate they,de varies from 0.387 to 0.979 with the variation in

total field distribution F(u,v) are classified into @n
+2n(M—2m)+2m(N—2n) sets. Each equation system is
parametrized by a starting incidence position indpxq,
and its sequential procedure has a variabiedicating the

thickness—a larger variation than that in the case of the
normal incidence.

number of superposed wave components. Knowing the to-4 Construction of the Surface Relief Structure of

tal field distributionF(u,v), and using Eq(42), the corre-

sponding transmittance function can be obtained. The men-

tioned sequential formulation is useful for dealing with the
construction of the DOE surface relief profile in the next
section.

the DOE to Generate the Desired Phase
Modulation Profile

The surface relief structure of a DOE for generating the
desired phase distribution can be constructed by inverting
the equation for the transmittance function derived in the

For the same DOE used in the simulation of the case of previous section. The newly obtained surface relief struc-
normal incidence, phase and amplitude errors can be anature can improve on that of the conventional transmittance
lyzed in the case of oblique incidence with an incidence model. The case of normal incidence has an aspect that is

angle of 11.5 ded(m,n)=(2,2)]. The numerical results

different from that of oblique incidence. In the case of nor-
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) ) Fig. 9 (a) The surface relief structure constructed by the proposed
Fig. 8 (a) The surface relief structure constructed by the proposed method, and (b) the distribution of thickness correction, in the case
method, and (b) the distribution of the thickness correction, in the of oblique incidence.

case of normal incidence.

mal incidence, only a numerical solution can be obtained,

while in the case of oblique incidence, the problem can be shows the surface relief structure obtained. In comparing
treated analytically. The reason for this is that an infinite Figs. §a) and 8a), there are significant differences in ap-
number of reflections are involved in the normal incidence pearance between the structure obtained by the proposed
case, while a finite number of reflectiofsithin some lat-  method and that obtained by the conventional method. The
eral spatial rangeare involved in the oblique incidence difference in thickness between the surface relief structure
case. In the case of normal incidence, the transmittanceof the proposed method and that using the conventional

function of the DOE is given by method, that is, the correction relief profile, is shown in
) Fig. 8b). Phase modulation errors can be corrected by the
T(p.q)= 2NNz exp(— jKy,2tpg) _ addition of the correction relief profile to the structure ob-
" 2050, cog Ky A(tpg+h) 1= (n+nd)siky (tyg+h)] tained by the conventional method. The significant thick-
ness variations at a few of the pixels shown in Fig)&re
(55) understandable if it is recognized that the thickness

toq(>0) inducing a specific phase modulation has an
Therefore a simple numerical zero-finding algorithm can be equivalent thicknesst,q—t,, (<0) inducing the same
used to obtain the appropriate thicknegg to satisfy the phase modulation. This is similar to understanding that an

following relation: arbitrary phase (>0) is effectively equal tod—27 (<0).
_ Let us refer tat,q—t,, as an equivalent negative thickness
zp:arg{ 2n3n; expl —jKj ,tpg) of tpq. The noticeably large corrected thickness at a few
2n;n, cog Ky, A(tpg+h)1—j (N2 +nd)siky (tyg+ )]’ positions has the same effect on the phase modulation as
(56) does its equivalent negative thicknegs—t,, . Therefore,

if negative thickness of a cell were allowable, such a sud-
where ¢ is the desired phase change. The surface relief den difference in thickness would not be seen. However in
structure is constructed by the proposed method to generateur scheme, for convenience, the cell thickness is set to a
the same lenslike phase modulation profile that appears inpositive value. Because the DOE consists of a substrate
Figs. 6 and 7. The results are shown in Fig. 8. Figu@® 8 with constant thickness and a surface relief structure, a

2680 Optical Engineering, Vol. 43 No. 11, November 2004
Downloaded From: https://www.spiedigitallibrary.org/journals/Optical-Engineering on 10 Feb 2022
Terms of Use: https://www.spiedigitallibrary.org/terms-of-use



Kim and Lee: Calculation of the transmittance function . . .

negative value of the thickness of the surface relief struc- the sequential process. The construction of the surface re-
ture is possible while maintaining the total thickness as a lief structure proceeds in ascending orderr of
positive value. In the first step, using Eq51), we can directly obtain

In the case of oblique incidence, the surface relief struc- Lp+my(gn 88
ture of the DOE generating a desired phase modulation
profile can be constructed by solving the independent se- =£ar F(p+m,q+n)
quential equation systems introduced in the previous sec- (PT™ATN ) P, 7 7,EN
tion. The number of sequential equation systemsrsn4 P
+2n(M—2m)+2m(N—2n). Let us consider the struc- Knowing the exact value df,; ) q+n), We can continue
ture of an equation system with a starting incidence posi- to find the second solutiort,; smyq+3n), by inversely

tion index (p,q). The equation system can be solved using solving Eq.(52), as

(57)

1 { F(p+3m,q+3n) )
ar .

(58)

t(p+3m)(q+3n):_ ; n _ A :
k PT T T X[ kz(2t(p+ m)(q+ n))]{Elrr)f—Zm,q+ n& ! exd —] kz(2tp+ m,q+ n ]+ EI;?%

Based on mathematical induction, it can be seen that the general formula of the construction equation system takes the form

4

Up+(2r + Hymlfg+(2r + 1)n]

1 % F(p+(2r+1)m,g+(2r+1)n)

=,—al
Kz

. ~1 i - : —1 :
P rimaa” exp(j 2K Zotp s 214+ mymy+ 21+ 1) [ 2 =0 I,?i2|m,q+2|na Lexp(— | 2K, 2 Zolp+ (2c+ 1ymg+(2c+ 1yn) ]

(59

We can find, analytically, all the surface profile thicknesses tance function of a multilevel DOE is purely algebraic, and

of the DOE,t,,, by sequentially solving Eq59) in the as a result can be easily combined with the design algo-

same way for all starting incidence position indicgsd). rithm for DOEs such as the iterative Fourier transform al-
The surface relief structure is constructed by the pro- gorithm.

posed method to generate the same lenslike phase modula-

tion profile as was used in the case of normal incidence.

The results are shown in Fig. 9. FiguréaP shows the

surface relief structure obtained. There are significant dif-

ferences in appearance between the surface relief structuréACknowledgment

obtained and that obtained by the conventional method, as ) )

can be seen by comparing Fig¢ajzand 9a). The surface The_ authors z_icknowledge the financial support from the

relief structure obtained is quite asymmetric. The correction Ministry of Science and Technology of Korea through the

relief profile is shown in Fig. @). Phase modulation errors ~ National Research Laboratory Program.

can be corrected by the addition of a correction relief pro-

file to the structure obtained by the conventional method.
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